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1I.  On the Interchange of the Variables itn Certoain Linear Differential Operators.
By E. B. Erutorr, M.A., Fellow of Queen’s College, Oxford.
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1. The operators to be considered, include or involve all those which have presented
themselves as annihilators and generators in recent theories of functional differential

d
|

invariants, reciprocants, cyclicants, &c. The general form of the binary operators,
operators whose arguments are the derivatives of one dependent with regard to one
independent variable, which I propose first to consider, is adopted in accordance with
that used in two remarkable papers by Major MacManon.* They are his operators
in four elements. The analogous ternary operators to which I subsequently devote
attention, are distinct from his operators of six elements. Their arguments are the
partial derivatives of one of three variables, supposed connected by a single relation,
with regard to the two others. |
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20 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

The only previous contribution, of which I am aware, to the subject of the reversion
of MacManoN operators, is a paper by Professor L. J. Roaers,* in which he obtains
the operator reciprocal to {u, v ; 1, 1}, and alludes to the self reciprocal property of V
which is expressed with more precision in (38) below.

I. Binary Operators.

2. Let « and y be two variables connected by any relation. Let y, denote o d_{ , and

1
e, denote iy |
Let € and 7 be corresponding increments of « and vy, so that by TAvLoRr’s theorem
T N ¢))

=ttt +..., . . o . . . (2)

and

the one expansion being a reversion of the other.

Let Y, denote the coefficient of & in the expansion of %”, w.e., of (y,& + y,€°+
Y€ 4 ...y in ascending integral powers of &; and X, the coefficient of %* in the
expansion of &, v.e., of (1 + xym® + xgm® 4. . .)" in ascending integral powers of 7.
It is supposed that m is not fractional. It need not, however, be positive. Nor is it
necessary to exclude the value zero, which, though somewhat special, will be seen to
be of importance later.

Let n be a positive or negative integer or zero, and let u and » be any numerical
quantities.

Denote

1 d
0;&2 {(;u.—-l— vs) Xs(m>dwn+s} by {p,v; m,n}., . . . . . (8)

and

—2{(p+vs)Y(”‘) }by {wov; mnl, . . . . . (4

the summations being, with regard to s, which assumes in turn all integral values not
less than the greater of the two m and — n + 1, so that, if m 4+ n > 1, only symbols
of differentiation with regard to all derivatives from y,,,, onwards may occur, while, if
m -+ nZ 1, symbols of differentiation with regard to all derivatives may be present.

It is the operators {u, v; m, n}, and {u, v; m, n}, of which I propose to speak as
MacMahon operators in « and v, reépectively, dependent. It will be seen upon reference

to the first paper referred to above that they are the results of substitution in Major
MacMaHONS operator (u, v; m, n) for

* «Note on Conjugate Annihilators of Homogeneous and Isobaric Differential Equations,” ¢ Messenger
of Mathematics,” vol. 18, pp. 153-158.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 21

Oy Oy Oy gy
of
0, @,, @y, %5, . . . in the one case,

and of
: 0, %1, Yy> Y3» - - - in the other.

MacMamoON himself generally takes them as meaning

Yoo Yo Yao Y5+« + 5

a fact which must not be forgotten in connecting his results with those to be here
obtained. ,

The essential difference between the cases of m + n<4 1 and m + 7 < 1 should be
noticed at the outset. In the former case, the complete set of coeflicients X, appears
in the operator {u, v; m, n},. In the latter, one or more of those coeflicients
(a number of them equal to the excess of — n -+ 1 over m) is wanting at the
beginning.

8. The aim in view is to express any MacMahon operator {u, »; m, n}, in z
dependent as an operator or sum of operators of like form {u’, »'; m/, #’}, in y
dependent. We need the linear expressions in d/dy,, d/dy,, d/dys, . . . which, when
operating on any function of vy, v,, ¥s, . . . are equivalent to d/dx,, d/dux,, d/dxs, . . .

—operating on the equal function of x;, a,, %, . . . The expressions in question I have
obtained in the second® of a series of papers on Cyclicants, &. The best form for
present purposes is hardly there given to the conclusions. It will therefore result in
a gain of clearness and no loss of brevity if in the present article the proof is given
rather than the result quoted. The same remark will apply to Article 17 below.

We may look upon x,, #,, ;... as a number of independent quantities, upon
J1 Yp» Ys3s - - - a8 determinate functions of these quantities, and upon £ and 5 as two
other quantities connected with one another and with x;, ®y, @, ... by (1) or its
equivalent (2).

Give x, alone of all the quantites x,, @, 5, . . . an infinitesimal variation. Keep
5 constant. In virtue of (2) or its equivalent (1) & will vary in consequence of the
variation of @, Also, as some or all of ¥y, ¥y, 95, . . . arve functions of a,, some or all
of those quantities will vary. Thus, from (2) we shall obtain

8'5: =7 Swm
and from (1)

: d;
0= {n+2mé+ 3+ . 38+ {Pet Dot Lot foam=o

% ¢ On the Linear Partial Differential Equations satisfied by Pure Ternary Reciprocants,” ¢ London
Math. Soc. Proc.,” vol. 18, 1887, pp. 142-164,
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22 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

Accordingly it follows that
dy Ay o di
gx—:f‘l' ;Z;‘jgz‘}‘;lijf%‘!‘ ve.= =7 {y1+2?/2€+ 3?/3§2+ N . (5)

and consequently, this being true for all values of & that if by aid of (1) this right
hand member be expanded in ascending powers of & the coefficients of & &2, &3, . ..
are exactly the expressions for dy,/dx,, dy,/dx,, dy,/dz,, . ..

Now
@ _dn @ an d

de, — dz, " dy, T da,” dy, dmr'dya_‘_ B

and is therefore the result of replacing each power & of £ on the left, and therefore
on the right, of (5) by the corresponding symbol d/dy,. It follows that the expression
on the right of (5) may be taken as a symbolical representation of the equivalent
operator to d/dx,, i.e., that

d
=" D EFREF g+ )+ 2+ 38+ )
d
=-—777';é, .- . . . . . . . B . . . » B N B . . (6)

where the meaning of the symbolisation on the right is that % is to be replaced by its
equivalent in terms of ¢ from (1), that the differentiation with regard to £ is partial,
that the product on the right is to be expanded as a sum of multiples of powers of ¢,
and that then each power & is to be replaced by the corresponding symbol of
differentiation d/dy,.

4. The proof of (6) is the same for all positive integral values (including unity) of r.
Thus the means of transforming any differential operator whatever is obtained.

The rule according to which any linear operator is transformed may be very simply
expressed.

Exactly companion to the symbolical notation & for d/dy, in an operator linear in
d/dy,, d|dy, d/dys, .. .is the notation u*® for d/dx, in an operator linear in d/dux;,
d/dux,, d/dxs, ... Now, writing a linear operator

d d d
in the symbolical form

A4+ B +Cypr + ...,

we learn by (6) that its equivalent in d/dy,, d/dy,, d/y,, . . . is obtained by multiplica-
tion by — dr/dé&, expansion in terms of £ by (1), and substitution for each power &°
in the expanded result, of the corresponding d/dy,.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 23

5. Now the symbolical form of any MacMahon operator for which m 4+ n 4 1 is
very simple. By (4) that of]

$p, vy m, ni,

18
1 -(m)
g (p ) Y, e
1.e.
. ad :
7%‘5" (1€ + 82+ 4 € 4 .. ) +’i§”+lj§(ylf+ Y& & L)
r.e.
f"_ ) Ent1 m—li')?
mfn-{—tf 7 N ¢4
Thus in particular
1
{l,Ogm,n,}yz;;ff‘nm, R €-))
and ‘
" "= dn :
{0,1; m, n}, = & *iy ldhfg” R )

the right hand members being supposed to be expanded in terms of & by aid of (1),
and then to have each power & of § which occurs replaced by the corresponding d/dy;.
We may of course write (7)

$p, v; m, n}, = pi{l, 0; m, n}, + »{0, Ly m, n}, . . . . (10)

so that in (8) and (9) we have involved all MacMahon operators in y for which
m 4 n is not less than unity. A reservation must for themoment be made of the
case m = 0.

Exactly corresponding to (8) and (9) we have the symbolical forms

1 .
{1,0;'m,n}J:;ZY}”f’”, e e e (11)

£0, 1; m, n},=xn""! ’”"1%, e (12)
where the expansions on the right are to be in ascending powers of % by (2), and
where in an expansion each 7’ is to be replaced by the corresponding d/dx,.

6. The transformation of {u, v; m, n}, for the cases at present under consideration
of m + n not less than unity is now immediate. By Art. 4 the transformed form of
the expansion in terms of n of

7}// ﬁ,‘m ,
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24 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

considered as the symbolical form of an operator in « dependent, is the expansion in

terms of & of
Hpn @
= e
considered as an operator in y dependent.

In other words, by (11) and (9),

m{l,0; m,n},= —{0,1;n4+1,m—1}, . . . . . (13)

Again, the transformed form of the symbolical expansion in powers of 5 of

77n+1§m—1 ég
dn

is, by Art. 4, the symbolical expansion in powers of £ of

—_— (’émmlnfrl-l 6_Z§ . (Z—l']
_ ’ dn " dE’
v.e., of
— fﬁz—-177n+1’
since in d&/dy and dy/d¢ the derivatives ), @, . . and vy, 9,, . . are not regarded as

variables. In other words, by (12) and (8),
0, 1;mnl,=—@m+D{L,0;n+1L,m—~1}, . . . . (14)

It is to be remarked that (18) and (14) are entirely in accord. Either of them is
produced from the other by the interchange of = and % and of m and n + 1.

From (18) and (14) by aid of (10) we produce the more general equality of
operators

{p,v;m,n}x=—{v(n+1),§b;n—[—l,m—-—l} Coe o (1B)
K
which may be given the more symmetrical form

fmp, W' m,m' — 1}, == — {m'p, p; m/,m —1},, . . . (16)

in which m 4 m' has to be positive.
In (16) are included two interesting classes of particular cases, viz.:- -

f—m,1;mm—1},={—m,1;mm—1},, . . . (17)

and
Smy, Ly mym — 1}, = — {m, 1; mym—1%, . . . . . (18)

Corresponding to each positive degree m there are then two self-reciprocal
operators.* The first is of positive character, being entirely unaltered in form by

* Self reciprocal operators, of course, generate from absolute reciprocants other absolute reciprocants.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 25

interchange of x and % ; and the second of negative character, persisting in form but
for a change of sign. (A complex self reciprocal operator can of course be found by
taking the sum or difference of any two correlative operators; e.g.,

m{l,0; m, n}, F {0,1; n+ 1, m— 1},).

“At greater length (17) and (18) are |

(m) )

Xm+1d + X7n+2dx +3}Ln+3 R

om 4 1 dﬂ'gm +2
m d m q m g .
—Ym+lzi:_y;;+2Ym+2dym+_l+3Ym+3 m—l_' ) CEEE (17A)
and
4
2me (2m+1)Xm+1 +(2m+2)X ‘e +...
d 2m 1 d 2m+1
() a |
;.-—{ZmYm r@m) Yo -|-(2m-;-2)Y7,,+2 +} (18a)
QYom—1 dyy Yom 11

In particular for m =1 we have

‘ d d a d d ;
xzfé;-g-zxgd—*%-}-sxé@-k...=y2@+2y3@+3%d—%+... (19)
and ‘
d a d 9 a

Again m =2 gives us that
ad " 2 .(_1_ 2 2 a
20, d'(;; + 2 (22475 + @y ) s + 8 (22,2, + 2wy25) dz

d
and

d,? dx + 5. 290193201 + 6 (2225 + @y )—" + 7 (22, + 2“°2w3) e (22)

are self reciprocal operators of positive and negative characters respectively.

7. As other examples of the important formule of transformation (13) and (14), let
us write down cases corresponding to m = 1, n 4 0.

For m = 1, n = 0 we obtain

a ) d ¢ a i R
x]da +w2dx+9c3»-~ +...=——{yl@;+2y2d@+3y3dy3+.,,.}, (23)
x + 2z + S d { ——-I—y +1/ + ] (24)
ld 2d 3dx .%dy 2 de 4 'r’

MDCCCXC.—-A. . E
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26 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

which together are equivalent to (19) and (20) together, From (23) it follows that a
homogeneous function of @, @, @, . . . transforms into an isobaric function of ¥, ¥, s,
., and that, 7 and w meaning degree and weight respectively,

Po = Wy,

while from (24) follows the equivalent fact that an isobaric function transforms into a
homogeneous one, and that .
Wy = =~ 1,

From (19) follows the especially interesting fact that, if a function of x,, ay a, . . .
is isobaric in @, @, @, . . . upon considering the weight of x, to be » — 1, so also is
the transformed function of %, #,, ¥s . .. isobaric in the same sense and of the
same weight in y,, s, ¥y, « - -

Again the substitution m =1, n = 1 in (13) and (14) produces for us

R o R b e R +4Y¢<2>@+. SRC)
and
x1g§‘+ 2w2f£7+3w3-—d~+... {Y@) +Y‘2> +Y(2) } (26)
Tz dig dx, y
where

Y,® =y Y3 = 2yyy,, st@) = 211y + ¥s% Y = 2y19s + 205, - - -

These two transformations have been obtained by Professor RoGERS (see note to
Art. 1). The second tells us that what he calls primary invariants in @, o, @, . . .
have for their transforms what he calls secondary invariants in v,, v, ¥s, .

We might now consider the results of putting m =1 and n =2, 3,...in (13) and
(14). By this means the transformation of lineo-linear operators of two, three, &c.,
steps is effected. TFor the general case m = 1, n = n the results are

d d d
Y g T g T By, T
. ; ,‘
= —*;;i{(n‘l' l)Y(,L-pl)d HHHHH +(7L+2)Y(”+Z)d(/ + .. } . (27)
¢ a d (n+1) d o+ g o
1 " -+ 2, s + 3 3 s e { n+ 1) dj/,z L Yiio s —I—’. . } (28)

Perhaps the most interesting fact to be deduced from (25) and (26) is the trans-
formation of {— 1, 1; 1, 1}, the second annihilator Q of projective reciprocants. By
subtraction of (28) from (26), or directly from (15)

{-—-]., 1; 1,1}, =§{=2,1; 2,0},
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VARTABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 27
ié.,
d d _ d |
wzc—@ -+ 2963% + 3904&—%-- -+
— 1 <z) * <2>__ @
2{ +2Y Y, dy+}
=4% {le Yo, 2 (2410 + y?) .t 3 (20t 20 ho) 1 a. T }
= 05— 20y — 3y, — } 2;.1._. 3 B
¥\ @
+e(mmt )i+
or .

2\ d
Q(m,y)=y10(y,w)+2 + ?/23/3d +4<7/2y4+'/>du+ o (29

Since ¥, @, = 1 we infer from this conclusion and its correlative that

. A d 1o 1 1
mf’{ mZd +3932=’"3d +4<x2x4+ ) +-~}=91§Q<?/:90)"‘951’Q(95’?/)

g

==y {27/; d(; szyad + 4(112 Yo+ )dj + .. } . (30)
is a self reciprocal operator of negative character. 'l_he operator is one of considerable
interest in connection with the theories of invariants and reciprocants, (See
MacMamsoN, ¢ London Math. Soe. Proc.,” vol. 18, p. 75).

It also follows that the sum of 2x*Q (x, v) and the operator on the left of (30) is
a self reciprocal operator of positive character. :

8. To complete our theory of the reversion of MacMahon operators, for which m + 7
is not less than unity, we must consider the somewhat special and exactly correlative
casesm =0,n <4 l,andn= —1,m 4 2.

The operator 0{1,0; 0, n}, is d/dw, in accordance with the general definition of
m {p, v; m, n},in (8). Thus the identity (6) may be written, by aid of (9),

0{1,0; 0,7},=— {0, 1;74+1,—1},, . . . . . (31)

for any positive integral value, not excluding unity, of 7: which is Striétly in agree-
ment with the general formula of transformation (13).

On the other hand the general definition (3) gives to O{O 1 0 n}x no other
meaning than zero. So far then the operator {0, 1; 0, n}, is mdetel minate in form.
An interpretation of it is now sought which shall make the case not exceptional to
the general formula of transformation (14). -

E 2
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28 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

To discover this interpretation let us reverse the order of investigation and seek the
operator in «, which is equivalent to the operator in y obtalned by putting m = 0 in
the right hand member of (14).

By (8) the symbolical form of

~(n4+1){1,0; n+1,—13,

— 5—1 7’”+1‘

18

The equivalent operator in & dependent, has then for its symbolical form, asin Article 4,

1.e.,

Now

E d

d
(};10{%”;7 - 0g(”1+%’7+“’s’0 +...)

en (g dfdiy + 225 d/day + 32y dfdag + .

i

§~|& Qﬂ

-+ log a;.

— e (g d[dxy 4 g dfday + 3wy djdag + . ..) , T2 B

Zy
By 2wy — Bul, — Baywgts + .8
T + 7, + z?
@y, Gx G, n* G P ‘
2—'— 27]+ 32.ﬁ —2. 12'3+..., o . " . (32)

4
231

"4 ..

d d d d d d
where G = xl<w2d—xl + 2w3&g—0—2+ Smégx—s +.. > —902(%1&-; + —~+ ws(%; + .. >
p .
= (20,5 — %2)%; + (8w2, — wgocs) + (4,25 — wzac@) 7, oo, (324)
so that the numerators Ga,, G%z,, G%,, . . . , area set of seminvariant protomorphs in

), Ty 21 25, 1 2, ...
Consequently the transformation in « dependent of — (n 4 1) {1,0; n + 1, — 1}y is

a4 =z d Gy d Gz, d Gz, d
+.9:19 Azyyy @ 21 2P dwy gy @ 3l 2 d, gy

de, ' 2 dey .
and it is accordingly this operator which has to be defined as
0,1; 0,03 . .+ « v v . . . . (39

* Of. HaMmonD, ¢ London Math. Soc. Proc.,” vol. 18, p: 64, note.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 29

that (14) may be regarded as holding for the value m = 0 as well as for non—vambhmg
values of m.

It affords an instructive verification to conduct the investigation of the same trans-
formation in the order of Article 6. v

9. For the case n = 1 the two formulse of transformation,

0{1,0; 0,n},=—{0,1; n+1,—1},,
£0,1; 0, n},=—(n+1){1,0; n4+1, —1},,

of the last article become respectively

p ,
e _ @ L (2) i @
= {2Y 4 3Y, +4Y i LN }
—i{2y2i+3 2yy~+4(2yy +7/2)~d—+ } (34)
] ldyl . l.‘Zdy2 1738 72 d?/g A 4 .
and .
a | wyd | 2ewy—n® d n 3w ’w, — Baywgwy + 2 +
dwy, 2, dw, &% dug 23 dz, = "
o d |
{7/1 dy, + 2 yl?/zd + (2v1ys + ?/2)dy3 + .. } .. .. (39)

By combination of these we have the equivalence, free from d/dz, and d/dy,,

20y — 2 d | 3w, — 3magw, + 2 d

2 4 NS
2 dig xl da,

%, dr,

+
=YYy ;- dy + 2 K%% > dys + 3 (v, + ?/2?/3) dJ

— . s a Y’ d
_y1<y2dy2+2y3dy + 3%0@4"‘ >+ 2 B) dy + 3 yz?/sdy

+4<y2y4+?/‘*>;;+... N €15

In like manner, for any positive integral value of »,

£0,1; 0,n},=0{1,0; O, n},=—(n+41){1,0; n+1, —1},
—f{0,1; n+4+1,—13, . . N 14
is an equivalence of operators which do not involve any lower symbols of operation

than d/dx,,; and d/dy, ., respectively.
10. From (34) is easily derived in exact form the known fact that the annihilator V
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30 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE
of pure reciprocants is, when affected with a simple multiplier, self reciprocal. We
may write (34)

a d

d i d
2 & v “ v
de, - iy, N {zy‘dyl.+3y2 d:yz+4y3 d?/s+ o }
Y94 a ( ya ]
- {4 9 dy3+5y2y3dy4+6 YoYs + 9 dg/5+"'}

d
=y2“__y1{1’ 1 1,0}7/—~V(|’l/,90).

! dy ,
d d
g yld-?/“l =—{1,1; 1,0}, —y;"'V(y, =)
So too, correlatively,
d d -
| ylc_l—y; 901%1=--{1,1;1,0}»m——9cl W (x, 9).
But _
{1,1; 1, 0}.{:_— — {1, 1; 1, 0}, by (18) or (20)
ooV (@, y)=fy1”]V(y, x); .. Coe (38)

so that, to use a familiar notation, ¢7'V is a self reciprocal operator of negative
character. '

11. It remains to consider operators {u, v; m, n} in cases when m 4+n<l1l. In
such cases the formulee of Arts. 5 and 6 have to be replaced by others. The essential
difference between them and the cases already considered lies in the fact that the
lower limit of s in (8) and (4), and, therefore, in what replaces (7), is now —n 4+ 1
instead of m, .., is greater than m, so that the coeflicients in {u, v; m, n}, are no
longer multiples of the complete set of coefficients in the expansion of (y,& + y,£?
+ €% 4 . ..)", but of those coeflicients with the exception of one or more at the
beginning.

In the present article attention is confined to the case of m 4+ n = 0,v.e., n = — m.

Proceeding to write down the symbeolical form of {u, v ; m, — m}, as in Art. (5) we
see that the whole expansion from which we there started is present except the first

term,
}“ 0n) g 4
: . (u 4 vm) an Errm,
Thus the symbolical form of
. . 1 :
{1, 0; m, —m}, is " E7m (g — ym €M, Coo . (39)
and that of
. d
£0,1; m, —m}, Iis f"m“(n’”’l(}—z -—-yl’”f’”“l), o (40)

the right-hand members standing for their expansions in powers of ¢.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 31

In like manner

1 ag
NN I o R S ) —m+ 1l ém=—1 5
T (E e and g (g ]

A\
e 2 1 =1 , . 41’ 42
p e ) ( )

standing for their expansions in terms of 7, are the symbolical forms of
{1,0; m, —m}, and {0,1; m, —m},

Asin Art. (6) the result of transforming {1, 0; m, — m}, to its form in y depen-
dent is, then, symbolically,

1 dn

— -0 [/ R U
m"] (f ] ) df’
n.e., o
1 dn 1 dn
— = L it —m 1
m £ dE + m I dg’

e,

1 ¥ —md - hand/73 1 - dn
- (’7 ;{é""yl tLE )+;Lyl (zl'é“'%);

m
whence, by aid of (40),
m{l,0;m —m},=—{0,1; 1 —m,m—1}, +y,""{0,1; 1, — L}, (43)
Once more the result of transforming {0, 1; m, — m}, is, in like manner,
14 -1\ %
— =1 m—=1 S mml_’
K (E an ) dE

e,

T dn
— Em=1 =m+1 —-n

0.,
' - —m —'ﬂ‘l - ’ —n d”]

__ém 1(,” +1 -y +1§ +1)+y1 (EZ_E_?/,1>;

so that, by (39) and (40),

0,13 m —mpy= —(L—m){1,0; L—m,m— 1}, + g~ {0 1;1, =1}, (44)

From (43) and (44) follows the more general identity,

m{p,v; m —ml,=— {pm (L —m), p; 1 —m, m —1},
+(p+mvyy,7"{0,1; 1, — 1}y§


http://rsta.royalsocietypublishing.org/

N

a
-
=0
L A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

32 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

or, replacing »m by v,

m {p,i; m, — mh = — (1 —m) {v, i{ﬁ

m

;1 —m, m — 1}
Y
, + () {0, 15 1, — 13, . (45)
In particular,

— ﬁ 4 —V -_ ‘. f— — ..v/f,_,g [ —
m {F» w3 M m}w (1 'm) {,u, g 1 —m, m l}y. . (46)
12. The value zero of m is somewhat special in these cases of n = — m, just as in

the more general cases already discussed. So too, of course, is the conjugate value
m= 1. '
For (43) and (44) to hold for these special values of m we must have,

0.{1,0; 0,0}, =— {0,1;1,—1}, 4+ {0,1; 1, — 1}, 1
£1,0; 1, — 1}, = — {0,1; 0,0}, 44710, 1; 1, — 1}, |} (47)
{0,1; 0,0}, = — {1,051, —1},4+ {0,1; 1, — 1}, ’ C
0,1, 1, =13, ==10{10;0,0}, +y7'{0,1;1, =1}, ]

Of these four equalities the first is a mere identity of two zero operators. In fact
to 0 {1,0; 0,0} no other meaning than zero could be attached consistently with the
general definition. Thus the form of {1, 0; 0, 0} is left indeterminate.

The fourth of (47) becomes V

. 0,1; L, =1} =y""{0, 15 1, — 1},
%e.,

a d d H a d
.~} s @ o — .=} @ @
@, {2902 z, + 3z, de, + 4z, o, -+ .. JL Y, ~? {Zyz . -+ 3y, i,

d
+4y4@;+}, . (48)

of which the left-hand member is merely ;% c%’ and the right y,~* d% , the symbols of

differentiation being total.

The remaining equalities, the second and third of (47), now become the same but
for an interchange of @ and y. Consequently there will be complete consistency if
we define the at present undetermined operator {0, 1; 0, 0} as that which obeys the
equation of transformation

£0,1; 0,0}, = —{1,0; 1, — 1}, 4 {0, 1; 1, — 1},
={—1,1; 1, — 1},

d a ‘ ad
=y2@:+2y3@;+3y4'@;+”, e (49)
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. VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 33

Now, proceeding exactly as in Art. 8, it is seen that the symbolical form of an
 operator equal to this is 5 d/dn log (¢/n), and that its expanded form is obtained by
omitting the first term, and then putting 7 = 0 in the general value (33). Thus, the
operator which has to be defined as {0, 1; 0, 0}, is

. |
Goy 4 (50

E .
21 23 dag

'“.E_d_+gf9i+

2
x,? dm,

2, day

where G is the generator defined in (32A).

18. Examples of important operators which occur among those transformed in the last
two articles are before us in (48) and in the equality of (49) and (50). It is unnecessary
to multiply particular instances as they can be deduced without number by giving
m particular integral values in (48) ... (46). It is to be noticed that, excluding the
special cases of m = 0 and m = 1, one or other of the two equivalent operators will
involve as coefficients those in a multinomial expansion of negative index. Thus,
for instance,

2{1,0; 2, — 2}, = — {0, 1; — 1,1}, 4+ 4,72{0, 1; 1, — 1},,
a particular case of (43), is at more length
d wd | d
20,7, i, + (2?01w3 + x, )d—';; + (222, + 2052,) dn, + ...

n* dy, , ' dys

= — {Qf_;yﬁg o O = 2 + i) 1 }

1 d d ad
—4 21y — 3Yo —— 49, — N e e e e e 51
+ 3’12{ Yo dyy + Ys dy, T 4% dy, + } ( )

The transformation of the operator G of (324) is an application of (49). Thus

a d a a a da ’

=wl{— 1,151, — 1}@ _wg{l, 0; 1, O}w
= yl—l{o’ 1; 0’ O}y - .7/1-3?/2{03 1; 1: 0}.%

by (49) and (23),

— g, —-1[tn d | Gy d | Gy d }
S {% dy, o’ dz/2+ 2!y dy, T

d d d
—_ 8 — ) —— e
AN {yldyl+2ys + 35 5, 7 }

2 —3y2 d 3%y, — 6 +y2 d

— s - Yo 67_+ 1 Y4 .yl?/z% Yo (7_+ L (52)
% 'Y % Ys

MDCCCXC,—-A. F
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34 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

14. Operators for which m -4 n is negative still remain to be considered. In
particular, those of the type {0, 1; 0, — n'} have still to be defined. About the
right definition of them there can, however, after articles 8 and 12, be no doubt.

The general principle by means of which if {u, »; m, n}, is known, the form of
fm, v; my, n —r}, is deduced is expressed by the rule—*“Write {u, v, m, n},
symbolically, by putting & for each d/dy,, divide through by &, reject all terms, if
any now occur, which do not contain a positive power of & as factor, and then for
each & write d/dy,.”

Thus to accord with (83) and (50) the right operator to be defined as

{O’ 1 > O: - nl}?/’

where — 7’ is a negative integer, is

Gy, d Glyy d Grsy, d
'n/!y]n'+1 . d% + (n/_l_ 1)Iy]nl+2 . dyg + (’)’Ll—f- 2) Iylny+3 .dyg + e (53)

We now proceed to the transformation of {u, v; m, —m —r}, where 7 is a
positive integer.
The symbolical form of m{1, 0; m, —m — 7}, is as in Arts. 6 and 11

—m—=r m (m) m (m) m o+ 1 (m) m+r
) —-—Xn—X"n —...—-X oo oL (54)

m+1 m+r77

The symbolical form of its transformation is, therefore,

w —m—r 0N (m) —?'@_ () -—r+1££'r;_ (i) d_n
— &y aE Xm’r] T -+ Xm+177 b7 R Xm”d{f' . (55)

This when expanded in terms of £ can involve no zero or negative powers. For it

is a sum of multiples of y dy/d§, n* dy/dE, . . . only, since {1, 0; m, —m —r},isa
sum of multiples of 5, %% . . . only, and these when expressed in terms of ¢ are
all free from £°, €71 £=2 . . . Thus the coefficients of &7, £~7*1, . . . 1, which

would appear to occur in the above symbolical form of the transformation of
{1, 0; m, —m — r} are in reality absent ; and, consequently,

mi{l, 0; m, - rt,=—1{0,1;1 —m—7r, m— 1}y+Xﬁ?>{0, 1;1 —r, — l}y

{0,1;2—/1",—1}y+...+X {0,1;0,—1}y+

{m)

()
m+r—1

(m)

m+r

+X {0,131, =1} , (56)

m+1

the various terms on the right consisting of the parts with positive indices of ¢ from
the corresponding terms of (55).
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS, 35

In like manner m{0, 1; m, — m — r}, whose symbolical form is

1—m—7 d

7 %{fm_X:ln)nm_X(m) nm+1_ R X(m) nm+r}’ ) ) ) (57>

m+1 m+r

a form proceeding by positive integral powers of 5, and therefore of & transforms

A A

SOCIETY

OF

A

OF

into
_ ?nfm—l 1—m—-a*+ mX(m) —a*ﬁlﬂ—l_ (m—l— 1)}((m) l—ré"%q_i_ .
7’ n 7’ df m+l/,7 df e
(m) —-1d my dn
+mtr=D)XT T et )X T (59)
of which the terms in zero and negative powers of ¢ must, as before, disappear, leaving
as the result of transformation
m{0,1;m, —m—r},=—m(l—m—r){1,0; 1l —m-—r,m—1},
+mX " {0,1; 1—r, —1} + (m+ 1)X" {0,1;2—7, —1} 4+ ...
(m) (m)
+mtr=1)X" 0,150, =1} 4 (m+7)X" {0,1;1,—1} . (59)
By addition of u times (56) to » times (59) the transformation of the more general
fp, v; m, —m — r},is at once deduced.
15. The forms taken by (56) and (59) for the case » =1, v.e., m 4+ n = — 1, since
(m) _om_=m
Xm - xl - yl
and
(m) _ m—1 _ —-m—2
. wer T 0 B =Y Yy
may be written
m {1, 0; my —m—1} = —{0,1; —m, m—-l}y+y1 £0, 1; 0, —l}y
- -2
—my oy, {0,1; 1, — l}y . (60)
and
{0,1; m —m—1} =m{l,0; —m, m — 1}y+y1“"z {0, 1; 0, =1}
—-m—2 l
— (m + Dy~ y,{0, 1; 1, — 15 . (61)
One or two particular cases of these formulse deserve mention.. The value zero
of m makes (60) an identity. In (61) the substitution of the same value produces
{0,1; 0, =1}, = {0, 1; 0,—1}, — 4,"%, {0, 1; 1, — 13,

F 2
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36 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

in verification of which we may notice that it is unaltered by interchange of w and v,
in virtue of (48). Another way of writing the result is to say that

2{0,1; 0, — 1}, — x,"%2,{0, 1; 1, — 1},
=2{0,1; 0, — 1}, — 5,29, §0, 1; 1, — 1}, . (62)

is a self reciprocal operator of positive character.
We are now enabled to write (61)

=m{l, 0; —m,m— 1}, + 4,770, 1; 0, — 1}, — my,”*%y,{0, 1; 1, — 1},

which becomes (60) upon interchanging x and ¥, replacing m by — m, and using (48)
and the values for 2, and @,, in terms of %, and y,. Thus we have another verification
of the consistency of our results. '

IT. Ternary Operators.

16. Let z, vy, 2 be three variables connected by a relation of any form known or
unknown. Let @, ¥, 2. denote respectively

*L drtsgp 1‘ dr+s ' ”_L drtsy
9‘!3!dy"0lz*’ ris! dzde’ rls! dar dyt

Let & =, { be any set of corresponding increments of x, y, 2. They are connected
by a single relation, which may be written in either of the forms

= (@07 + @0 &) + (230m® + 2119l + oo &)
+ (@30m® + 21 m* L+ 21098 + 2y 53) + . .. (83)

= (Y108 + Yo €) + (W20 & + y11 L + Y00 §°)
+(930C3+.’921€2§:+ Y L&+ ys )4+ ..., . . (64)

{= (20 é+ 20m) + (290 €% 4 211 & + 202m°)
+ (2508 F 20 E F2pén 2+ ... . . (65)

Let m be a positive integer, and let Xi:n) denote the coefficient of %" ¥ in £” when

expanded in ascending products of positive integral powers of » and , so that
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 37
(m) :
fr={Swypr{ir= 3 X 'ql; . . . . . . (66)
. . . s Xm
and in like manner write ~
. (m, ' >
= {3y, & €3 = 2, YUre, ... ... (67)
and (
)
P eris 2 206 L. ()

We may include, if we please, the value zero of m ; but the expansions of &, v°, {
consist only of the single terms y° &, {* &, & n°.
The operators to be considered and transformed are the following :—

' , . ’ ’ an d
m{p, V,v;m,n,n}xzz(p+vr+vs)xm)r—a ... (69)
An v, 0l + 8 .
’ ’ ’ () d '
mipm, v, v'; m,n, '}, =3 (u+vr4vs)Y s . . . (70)
8 ?/n+r,n’+s
’ "o ’ () a .
m{f"’ v, v; m,n, n}z—z(ll"l'w'l'vs)zm dz H S e . (71)
n 1,0 4

where p, v, v are any numerical quantities,
m a positive integer,
n, n’ positive integers or one or both zero, and
7, § quantities which take in succession all zero and positive integral values
subject to 7 -5 < m.
Cases of m negative, and of n, n’ either or both less than — 1, which have been
dealt with in the analogous theory of binary operators, will not be here considered.
The cases of m zero, and of n or n’ equal to — 1, will not be entirely excluded, but
will be only dealt with as far as their accordance with the results for m positive and
n, n’ not negative needs no elaboration to make it clear. '
Thus our field of investigation s narrower than in that of the analogous theory
hitherto considered. Were negative values of » and n” admitted, the lower limit of #
in the operators (69) . . . (71) would be — n + 1 instead of zero, and that of s would be
1n like manner — #»” 4 1. Thus when we admit the value — 1 of n we must exclude
the value 0 of 7, and when the value — 1 of n” we must exclude the value 0 of s,
Let us now express (69), (70), (71) symbolically as follows :—

m{p, v, v; m,n, W'}, =3 (n+ vr + v's) X::) e, 0L (72)
m {”’ v, V/; m, n, n/}y — 2 ([L + o + V/S) Yfl:) Cn"‘r 5;2'4'3, . . . (73)
m{p, v, v'; m,n, '}, =S (p 4 vr + v's) Zi? Entropites oL L (74)
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38 MR. E. B. ELLIOTT ON THE INTRRCHANGE OF THE

w.e., let us in any x-operator symbolize d/dw,, by y? {4, in any y-operator d/dy,, by
{r &1, and in any z-operator d/dz,, by &2 e
We may in this way write (71) or (74)

m{p, v, V5 my n, W= pdr oy {zmg € 2+ 20 E 2 En oz 4
o d 4
+ vty d—g{zlof'l- it et mént e+ . 3"
/ ! d 5 9
-|-Vf”77"+1%{210§3+%17)+Zgo§“2+z11§")+zoz’7~+-

— Mfﬁ nn’ zm + vf” +1 7)71 C,l:f (gm) + Sn 7 +1 (Zm) . (75)

where { means the expansion in terms of ¢ and % given in (65), and where the
symbolization denotes that the right-hand member is to be expanded in terms of &
and 7, and to have each product & %7 in its expansion replaced by the corresponding
d/dz,,, in order to produce the operator in z dependent which is represented by the
notation on the left.

Thus in particular, assigning to different pairs in succession of the three parameters,
W, v, v, zero values,

mi{l,0,0; m,n,n}, =&y, . . . . . . . . . . . (76)

m {0, 1’ O, m, n, 77/,}z — g:n-!-l,r]w gé<ém) — mé‘n+1 7' Cm—l g ) ) (77)

(?{,’

m{o 0 1 m, n, 7&} __gn,qn +1(h7(Cm)=m§n n+1€m-—1 (78)

while
Spov, Vs mym, '}, =p{1,0,0; myn, 0}, +v{0,1,0; mmn,n},
4+ v §0,0,1; m, n,n'}. . (79)

Precisely similar symbohcal expressions to (75) . . . (78) are, of course, assigned to the
corresponding operators in « and in y dependent. We have only cyclically to inter-
change &, 7, { once and twice respectively, and to regard the expressions on the right
thus obtained as short ways of writing their expanswns by aid of (63) and (64) in
terms of m, { and {, & respectively.

17. In the present article the expression of each operative symbol d/dz,, on a
function of the derivatives of x with regard to y and z, in terms of the operative
symbols d/dz,, on the equivalent function of the derivatives of z with regard to
x and ¥, is investigated.
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 39

If, as in the earlier part of the last article, & , { are simultaneous increments of
x, 1, 2, we may look upon
@10 Lo1s Lg05 L11> Logs

as a number of independent quantities ; upon

Y10 Yor> Y200 Y115 Yoo -
and :

2105 %015 %00 %115 %025 - - ¢

as determinate functions of these quantities ; upon &, 5, { as three quantities connected
with one another, and with @y, @, €y, . . . by a relation of which (63), (64), and (65)
are equivalent forms.

Of the quantities @), 2y, @y, . . . let one x,, alone receive an infinitesimal variation :
also of & 7, { let y and { be kept constant so that & receives a consequent variation.
Some or all of ¥y, ¥o1, ¥a0, - - - and some or all of 2y, 2y, %y . . . Will also receive

consequent variations. From (63) we thus obtain

O& = 0 { Oy ;
from (64)

0 = {yor + yu€+ 29 + Y€ + 29126 4 Sy + . . .} 8¢
d oy Aoy d o
R R R et Rl S
and from (65)
0 = {210 + 220 + 2017 + 3230 + 2208 + 21907 . .} O
{dzlo ¢ + dz(,l dz% 52 dzu f + dz02 2 + . } Sa,

The three relations are identical. Let us study the identity of the first and third
We obtain from them that

dzl() d"m

dzzo dz“
. E4+ 7" f + > f + -
=7 ? {%10 + 2zzof+ w4 320 + 228+ 2w + .., (80)

dzm

for all values of ¢ and v ; and, consequently, that if by aid of (65) the right hand
member be like the left, expanded in powers and products of powers of ¢ and 7, the
coeficients of corresponding terms on the two sides will be equal. In other words,
each dz,,/duw,, is the coefficient of the corresponding &x?.

Now, in the equivalence of operators,
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A A By D Dy 4 Ay e D
dny  daw  dayy | Az dug | dme  drg | drs  dey | de deg

each dz,,/dzx,, is the coefficient of d/dz,,. 4

It follows that in the expansion in terms of ¢ and % of the right hand member
of (80) the substitution for each &n? of the corresponding d/dz,, exactly produces
the expression for d/dx,. In other words, for each » and s, the

4 _ e
ztransformofdw = "Cdg’ R €15

s

where { and its partial differential coefficient are to be replaced by their equivalents
in terms of ¢ and 5 by (65), where the product is to be expanded in terms of ¢ and 7,
and where in the expanded result each product &n?is to be replaced by the corre-
sponding operative symbol d/dz,,.

By (77) we see that d/dw,, is thus replaced by a linear z-operator of the form under
consideration ; in fact that

d
Ay

=—1{0,1,0;s+1, =17} . . . . . . (82)

Since the u and the »" of this operator are zero, the fact that n is — 1 gives no

difficulty as to the presence or absence of coefficients on the right like Z, "

In precisely the same way, by giving variations to & and ,, in (63) and (64) instead
of (63) and (65), we might have obtained

= —{0,0,1;r+ 1,8 —1}, . . . . . . (83)

of which y-operator the symbolical form is

oy V1
- C"I df.
18. The rules for transforming any linear a-operator to its equivalent forms in y

and in z dependent, are now very simply expressed just as was the analogous rule in
in Art. 4. Since the z-operator

a
Zo. o M
has for its equivalent y-operator
rgs 9
— 7' g’
and for its equivalent z-operator
—_ rc.r (Zl’z_,:
17 df >
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these rules are merely—To find the equivalent y-operator to a given linear z-operator,
multiply its symbolical form by — dy/dé; and to find its equivalent z-operator,
multiply that symbolical form by — d{/dé&. The y-operator thus obtained has of
course to be expanded in terms of { and & by (64), and the z-operator in terms of ¢
and 7 by (65), before being intelligible except by means of (76) to (78).

In verification let it be noticed that, since by first principles of the theory of partlal
differentiation the three sets of ratios

ag . dk
dy = odg ’
-1 .9 D
Dar oaE
a@ . _ ;. %
dn CodE >’

are equal, precisely the same results are obtained by cyclical interchange of x, y, 2

and & 9, &
19. Now as in (76)

m{l, 0, 0; m, n,n'}, = 9" { €™
Its forms in y and 2 respectively are then
' Emaan (_il? — Emn ii_g

Of these by two éyclic interchanges in (78), and by (77) itself, respectively, the
expressions are
—{0,0,1;n+41,2,m—1}, and — {0,1,0; # + 1, m— 1,0},
consequently
m{l,0,0; mn,n},=—1{0,0,1; n+1,2,m—1},
=—=1{0,1,0; 7'+ 1,m—1,n}. . (84)

In the same way the y and 2z transforms of

{0,1,0; m, n, n'},, e, n"“{”’f’”‘lg
are
— gm—1 n+135 ;Zg and — gn—lyptigy ZE Zg
n.e.,
- gnffm—l,,’nﬂ, and + é:m-lnnugn@é'
. dn

MDCCCXC.—A. ' G
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by the equalities of ratios at the end of the last article. Accordingly

£0,1,0; myn,n'},=—(n+1){1,0,0; n+ 1,7, m — 1},
={0,0,1; % +1,m—1,n}. . (85)

And once more, precisely in the same way,
’ - df w - d”? ’
nyw'+1em—1"7_5, w+lém—1pn 21, —_ =1l nyn'+1

are equivalent operators in @, ¥, 2 respectively dependent, so that also

£0,0,1; myn,n'},={0,1,0; n+4 1,7, m—1},
=—w4+1){1,0,0; % +1,m—1,2},. . (86)

Of these sets of equalities (85) and (86) may in reality be deduced from (84) by
cyclical interchanges of the variables and alteration of parameters. The independent
investigation above is justified by the verification it affords.

The general formuls of transformation, including (84), (85), (86), follow from them
by (79), and are

pov, v’y mym, 0}, = {—v(n+ 1), —-%; n+1,n,m—1},

_._{—v’(n +1)-——-,V w4+ 1,m—1,n}. . (87)

Included, it is interesting to notice that we have three distinct classes of self
reproductive or cyclically persistent operators, of characters corresponding each to one
ot the cube roots of unity, viz.:

{!—m,l,l;m,m-'—l,m—1}£={——m,1,1;m,m-—-l,m—l}y
={—m,1,1;mm—1,m—1}, . . (88)

f—m,0,0; mm—1,m—1}; =0 {—m, 0, @®; m,m — 1, m — 1},

=w2{—m, 0, o ; m,m—l,m—l}z . (89)

f—m, 0% 0; mm—1,m—1},= o’ {—m, o 0; mm—1,m—1},

=w{—m, o} 0;mm—1,m—1}, . (90)

20. Some of the simplest, and most important so far as actual experience goes,
examples of the formulee now proved will be considered in what follows.
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The only lineo-linear operators, of the classes with which we are dealing, both of
whose cyclical transformations are also lineo-linear, are found by putting m, n + 1
and n° + 1 all equal to unity in the results of the last article. Thus

{1,0,0; 1,0, 0}, = — {0,0,1; 1,0, 0}, = — {0, 1,0; 1,0, 0}, . (91)

with the correlative equalities obtained by writing ¥, z, « and 2, @, y respectively for
®, y, %, involve the aggregate of all such operators. At length the equalities (91) are

d d a d d d d
Xrg—— F Xy F Loy F Xy F Xgg— A Loy Xy
10 7 + ) o + a2y doy + . + g o + 15 i, + 2y i
, . ;
+ -’rlzdmm“l‘ %3% +...

a a a a a a
— - _l_ —_— 2 — —_— 2 —_— 3 —_— .. '}
= - {%1 Ay, n iy + 29y DWoa + Ya iy + 2y, Ay + 3Yos Ao +

d a d d d d
= {zlo 2y + 2%06};2_0'1' 11 &2y + 3230&;3; + Zzelgz; + zm% +.. } . (92)
We thus learn that, if a function of the derivatives of @ with regard to y and 2 is
homogeneous, the equivalent function of the derivatives of ¥ with regard to 2z and = is

isobaric in second suffixes, while the equivalent function of the derivatives of z with
regard to  and y is isobaric in first suffixes ; and that

i(e, y2) = —wy(y, ) = —wy(z@y), . . . . . . (93)

where the notation explains itself. The correlative facts are

—wy (@, y2) =0(y, 20) = —wy (2, ®y), . . . . . . (94)
and

—wy (x, y2) = —w, (y, 2x) =1(z, @y). . . . . . . (95)

The same aggregate as is involved in (91) and its correlatives is also expressed by
the facts that

{—1,1,1;1,0,0}, . . . . . . . . . (96)
{—1,00°1,0,0}, . . . . . . . . . (97)
{—1,0,0;1,0,0}, . . . . . . . . . (98)

obtained by giving m the value 1 in (88) to (90), are cyclically persistent lineo-linear
operators of characters 1, w, w* respectively.
G 2
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If the operation be on a homogeneous and doubly isobaric function we are thus
told that

— 7+ w;, + w, — 1 + 0w, + 0w, — ¢+ o’w, + 0w, . . (99)

are characteristics which persist after one cyclical transformation but for the
multipliers 1, w, »® respectively, and after a second but for 1, «* .

21. The quadro-linear operators (linear operators with coefficients quadratic in the
derivatives) both whose cyclic transformations are also quadro-linear, are obtained by
giving to every one of m, n 4+ 1, n" 4+ 1 the value 2 in the formule of Art. 19. Their
aggregate is involved in

241,0,0;2,1,1},=—{0,0,1; 2, 1,1}, = — {0,1,0; 2,1, 1},, . (100)

and its two correlatives in v, 2,  and 2, @, ¥.
The same system is expressed by the three cyclically persistent quadro-linear
operators

§—2,1,1; 2,1, 1}, of character 1, . . . . . . (101)
§— 2, 0,0%; 2,1, 1%, ’ o, . . . . . . (102)
§—2,0% 0; 2,1, 1}, ’ ot . . . . . . (103)

Of these the first expanded to a few terms is

@ ‘ (2) d @ d (2) d (2) d
Xaodm + 21d9‘ + 12d +X°3dac +2( 4°d—a“5;+"'

x® d
+3< 0 g T )+ .. (104).

where

® @ ' @ _
X0 = x102, Xy = 2215%g15 X = Lo1"s

) @ ® ®
Xy = 210090, Koy = 23011 + 2001800, Xtz = 210%09 + 2001211, Xow = 2%01&0n,

@ e

X40 = 2,43y + 9020 y Xyi = 201%g + 2001210 + 205%1y, XZ‘ = 20,05 + 22029 + 9511

@ @ __ )
+ 2a54%00, Xla = 2%)y%g + 2% %15 + 2211%0y Xow = 205205 -+ 2,

®
Xso = 2@14040 + 2%oqg05 + + - »

and generally
@ r+shbmtn-1
an = P (wrsmm —7y - s)'
r+sql
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The two imaginary cyclically persistent quadro-linear operators (102) and (103) are
easily written out in like manner. They commence with terms in d/dws, d/dx,,,
d/dax,5, which it is to be observed are wanting from the above.

Once more by giving to each of m, n + 1,7n” 4 1 the value 3 in Art. 19, an aggregate
is obtained of linear operators with coefficients of the third degree, whose transforms
have both of them coefficients of the third degree also. The aggregate may, as before,
be considered involved in three cyclically persistent operators of the type, one of each
character. Similarly as to operators with coefficients of any higher degree.

22. Some of the most important linear operators which have been used in recent
theories of functional invariants, cyclicants, &c., have the property of persistence
of degree in the derivatives after one cyclical transformation, but not after a second.

Such operators occur among those obtained by putting n 4 1 = m in (87), viz,

. ! M ‘ ,
Spy v, V'3 my,m— 1,0}, = {—vm, v’,—ln—%; m, n', m — 1}
Y

={—v’(n'-|—1),——& °n’+1,fm._—1,m—1}. .. (105)

v
m’

In particular, there are three classes of operators which have a property closely akin
to that of persisting in form after a first cyclical transformation, being, in fact, only
altered by the interchange of first and second suffixes : they are

{f—m, 1, 1; mm—1,n%,={—m,1,1; m,n,m—1},
={—(w+1),1,1; 24+, m—1,m—1}, . . . . (106)

{—m, 0 0"; mm—1,0},=0{—m, o o; mn,m-—1},
= {— W+ 1,0 0*; 0+, m—1,m—1}, . . . (107)

{—m, 0% 0;mm—10}, =0 {—m, o 0; mn, m—13},

=w{—-(n/+1),w2,w;n’_i_],,m_l,m—l}z e (108)

It is to be noticed, in the case of the first of these, that the second cyclical
transformation, which is of different degree from the first, is quite symmetrical in first
and second suffixes.

Among the operators comprised in (106) occur the two, which I have called w;, and
wy,* two of the six form annihilators of projective cyclicants, viz.,

d
o, (x, y2) = 'r+§<tl {(r +s—1) mm%—m} ,

7, $ 41

ol g = 3 s =1e, 2],

841 T +1, §

* ¢London Math. Soc. Proc.,” vol. 20, pp. 131-160.
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or in present notation {— 1, 1, 1; 1, 0, 1} and {—1, 1, 1; 1, 1, 0}. For the
transformation of these we have, by putting 1 for each of m and " in (106),

o (@, y2) = oy (y, 22) = {—2,1,1; 2,0,0}, . . . (109)
of which right hand operator the expansion is

@ d
30 dzg 0

@ d
21 day

@ d
i2 dzm

+ 7 + 7 +Z‘2)—‘Z-+2<Z(2’i+...>+3<Z‘2)‘5—+...>+...

03 dzgg 40 dz,, 50 dzy,

where the coefficients have meanings, as in Art. 21,
Closely resembling, but distinct from , and w,, are Mr. Forsyra's A, and A},* i.e,

d

Ao y) = 3 {(q~+ s)m@——} =§0,1,1; 1,0, 1},,
d

A ({B, yz) =1'+32‘{1 {(’I’—}-S)mmm} =1{0,1,1; 1,1, 0}..

These are also transformed by means of the present article, but have not the property
of companionship belonging to w, and w, In fact, by (105),

Ay, y2)={—1,1,0; 1,1,0},={—2,0,1; 2,0,0},, . . (110)
and, by (105), with 2, z, y put for «, v, 2,
A (z,y2) ={—2,1,0; 2,0,0},=§{—1,0,1; 1,0, 1},. . . (111)

238. The special importance of many operators in which the first derivatives do not
occur is well known. The form of such operators (in # dependent) is symbolically

Emt <00 + b 5% + o d%) (& — 210 — 2™

As every such operator is a sum of multiples of complete operators {m, »,»"; m,n, n'},
so that their theory is implicitly involved in that above discussed, no attempt will be
made here to develope it independently. In the present article, however, an interesting
class of cyclically persistent operators will be obtained, and a method of procedure in
a much wider class of cases will be thus exemplified.

It is required to prove that the result of replacing each first derivative by zero in

{""m3 1; 15 m, 07 0}

* See his Memoir “ A Class of Functional Invariants,” ¢ Phil, Trans.,” A., vol. 180 (1889), pp. 71-118,
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is, but; for a first derivative factor, an operator which persists in form after one and
two cyclical interchanges of the variables.

Symbolically we have, if square brackets indicate that in an operator first deriva-
twves are thus omatted,

1 d ’
[—m, 1,1; m,0,0]= a(" m -+ ”IE;"*‘ C%)(f"'mm’? — xu)"
=(§— a2 — 9301§)m_1{— §+ 2ym + 2l + 77%
d
— &n + C;l’g _me}
a d
= (£ — @y — 90012;)%"1{”'763g + C&z‘?‘ f}

n

The y transform of this operator is therefore, by Art. 18,

—(§— o — wmc)m-l{ﬂ%'!‘ ng_ f}%’
which, since .

Ty &gyt — 1= =119 Yn = 2n:— 112,
and

aE dE . _ o _dE

dn e’ = .dc.dg-—dn. ‘df’

may be written
d d
(= 1)t~ (n — 1ol — ?/01f)m-1{€£' + EO-Z% B 7)}’

and is consequently
(= 1)yt~ [—m, 1, 1; m, 0, 0],

In exactly the same way the z transform of the same operator is
(_ l)m—lxmm—l[_ m, 1? 1 > m, Oa O:Iz
Thus we have the formula of transformation

1 \»—1 1\»m=1
[—m,1,1;m,0,0],= <— -> [—m,1,1;m,0,0],= <— —> [—m,1,1;m,0,0],
Yo 10
which may be written in a form even more clearly expressive of the cyclically

persistent property, viz.,

1 \(»=1/3 1 m=1)/3 _
( > [—m, 1,1;m,0, 01,,=( > [—m, 1, 1;m, 0,0],

Z10%01 Y16Y01

1 \(m=1)3
_—_< ) [—m, 1,1;m,0,0L. . (112)

10701
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A first case of this formula occurs in (96). A second is that the operator on the
right of (109) is the sum of terms involving z,, zy, and of an operator free from those
derivatives which, when affected with the factor (1/2, ), has the persistent property.
The fact is interesting in its bearing on the theory of the transformation of o, and w,.
In fact (109) may be written '

oy (%, Y2) = o, (Y, 22) = 2,40, (2, 2y) + 250, (2, 2y) +[— 2, 1, 1; 2,0, 0]..

From this and its two correlatives a verification of the formula (112) for the case of
m = 2 is readily obtained. The first few terms of this cyclically persistent operator
are

L\, xn L b 2’ 4
( > {2 9 d + 2m2«)w11dx + 2 (9020 0t 5 daryy = 2%, day + 27 dig,

10%01

ad
+ 39020%007“ =+ 3 (g9, + 211%3) d_x” + 3 (g1 + 2119 + 9”029030) e
Ty ) 41 Ze)

ad d ad
+ 8 (2453 + 211219 + Xpeey) + 8(@%05 + Togig) 7+ B Tpggs 7

Aoy day, days
+}(113)

With it compare the analogous operator (30) of the binary theory. That, like this,
is, of course, one of a whole class of persistent operators.

24. The transformation of the four form annihilators Q,, Q,, V;, V, of pure cyclicants®
will be now considered. They are all operators free from first derivatives, and might
as such be treated by the methods of the last article. It seems preferable, however,
to take them in connection with the formule of transformation

d .
{O 0,1; 2,0, — 1}y= — {0, 1,0; 1, —1, l}z, .. (114)

dxm

d

— = {001 1,1,—1}y=-—{0,1,0;2,——1,0}3,. .(114A)

day

which are particular cases of (82) and (83), or again of (87) with m = 0.
The forms of the four annihilators are

d
‘Ql (z5 .’Ey) = 2 {”nzmn dzm-q n;}

m+nd2

=7 c‘%(c ".sz"‘ 2017)

g -
=’76g§ 210Mm
d
={0,1,0; I, =L 1}, —25—> . . . . . . (115)
: 01

*See my papers in the ¢ London Math. Soc. Proc.,” vol. 18, pp. 142, &e.; vol. 19, pp. 6, &e., and
pp- 337, &c.; vol. 20, pp. 131, &c.
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‘Q’;Z (z> my) = 2 {nzmn 'Ll

m+nd?2 d3m+1, n—-lj

= fg;? (£ — 2106 — 2o1m)

A
={0,0,1; 1,1,—1},,—201;1;—; ... . . . (116)
10
r+spmtn—2 d
= 3 { p TZrsem —y, #ms ”ﬁm“}
m+nd 4 r+s42 ( ’ )dzm—l,n
= § g (0 — 2k — 200)")
ng 10 01

d d d
= C(‘é— zlofé = %07 ;{g — 210 (£ = 210§ — 21

={0: 170;2)—1’0}2_210{0’ 1:0; 1) Oa O}z_z01{07 1,0; 1)_1,]—}2
‘ d d
— 2, 1,0,0; 1,0,0f, — 25— — 2 ———}
10 {{ } 10 dzlo 01 d201
{Oa 1> O; 2, - 1> O}: — 2y {'19 1’ O; 1, 0: O}z

< d g -
— 20 (5 2y) + 20° 5> . . . (117)

dzy,

i

r+ b m +n—2 d
= 2 { 2 (Szrszm -, N —a) “_—}

m+nd 4 res<€2 dzm,n-q
=} 4 (= 2o = o)’
2 d,,' 10 01

d
={0,0,1;2,0,— 1},—24,{1,0,1;1,0,0},— 2,,Qy (2, xy) +z012% + (118)

Thus (1144) may be written

d d
— = — ) (4 , %X — 1, Tl O; 1; 0; 2; - 19 O 24
dy; o (4, 22) — Yo dyyy § }

and the result of one cyclical interchange in (114) may be written

= Oy (, y2) = @ g, = G-

from which two sets of identities, by aid of the facts that

Xyt Xy — 1= — 1yt Y =2n: — 11 2

MDCCCXC.—A. H
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50 MR. E. B. ELLIOTT ON THE INTERCHANGE OF THE

1t follows at once that
1 1
— Oy (@, yz2) = — — Qy (1, 22
. 1 (@, y2) o 2 (7, 2)

= —2,40,1,0; 2, —1,0}, 4 2,4{0,0,1; 2,0, — 1},,. (119)

which, and its correlatives, obtained by one and two cyelical transformations effect
the transformation of Q, and Q,.
Again, we may write (1144)

d d
T § ) y UL) = —
digy 2 (Y, 22) — Yo Ay

d
= e Vl(z: CU.?/) - ZOIQ] (Z, wy) -_— 210{1, 1, O; 1, 0, O}z_l,_ zlﬂzgz:(’)’

and (114) in like manner

‘ d
= — Vy(y, 2) =100 (%, #0) =y {1, 0, 15 1, 0, 03, + o, Won

a

dxlO
ad

= — 0 (2, wy)—zloé%'

From these it follows at once that

d d d d 1
=Ygt Yug o —(1,0,1; 1,
N dﬂ?m + Loy dxm Y10 d?/m + Yo d?/Ol Yor Vg (y, Z.TO) { , 0, 0, O}y

ad ad 1
=z10%+ zm;l;(;l —;;Vl(z’ my) - {1’ 12 0; 1: O, O}z

- By a cyclical interchange of the variables we have, also,

a d 1 d d
T30 ‘73;1:) + Loy Eﬁ:’o—l - .;;;Vl (m: yZ) - {17 1: Oa 1, O’ O}x = o d?/m + Yo1 d:’/OI
d d 1
= g — 4 20— —— Vo (2 xy) — {1, 0, 1; 1,0, 0},;
10, + %y Aoy 7o 2 (2 2y) — §

and by a second cyclical interchange a third set of such equalities is obtained. From
the two sets that have been written out, upon subtraction we obtain

1
;}—Vl (w, y2) + {1,1,0; 1,0, 0}, = —?»/—~V2(y, zo) — {1, 0,15 1, 0, 0%,
10 01

1
S _‘]'_'Vl(z’ wy)+ — VQ(Z, xy) + {O, - 1, 1; 15 O’ 0}5
%10 n
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VARIABLES IN CERTAIN LINEAR DIFFERENTIAL OPERATORS. 51

Now, from (91) and its correlative obtained by a cyclical interchange, the second
parts of these three equal operators are themselves equal. Consequently

1 1 1 1
Vi, y)=——Vi(y, )= — —Vils ay) + —Vy (2, 27), . (120)
10 Yo 10 co

which, and its correlatives, are the formulse for the transformation of V; and V,.
- It is easy and very instructive to prove (120) directly from the symbolical
expressions in (117) and (118) by the method of Art. 19 or 23.

Of other important operators Mr. Forsyra’s A, and Ag (‘Phil. Trans.,” A.,
vol. 180, p. 74) should have their formulee of transformation noted. They are the
complete operators {0, 1, 0; 1, — 1,1} and {0,0,1; 1,1, — 1} of which @, and Q,
are all but the first terms. Thus their formule of transformation are merely (114)
and (1144) themselves, t.e., cyclically interchanging the variables once,

d
Ay (, y2) = — I = £0,0,1; 2,0, — 1%, . . . . (121)
. d
Ag(x, yz) = {0,1,0; 2, — 1,0}, = — T (122)
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